Abstract. We characterize p-parabolicity of a noncompact complete Riemannian manifold M in terms of the volume growth of M under very weak assumptions on M . Some of the results also apply to the setting of metric measure spaces.
Introduction
In this note we study p-parabolicity of metric measure spaces in terms of the volume growth. We mainly concentrate on the case of a noncompact complete Riemannian manifold M . To introduce some of our results, we fix a point o ∈ M and write V (t) = |B(o, t)| for the volume of the geodesic ball of radius t centered at o and |x| for the distance between points x and o. It is known that the condition is always sufficient for the p-parabolicity of M but not a necessary condition in general; see for example [H3] . Recall that a Riemannian manifold M is called p- for every ϕ ∈ C ∞ 0 (M ). Equivalently, M is p-parabolic if cap p (M, C) = 0 for every compact set C ⊂ M ; see [H1] and [H2] . Here
where the infimum is taken over all functions u ∈ C ∞ 0 (M ), with u ≥ 1 in C. The p-parabolicity of a metric measure space will be defined in Section 2.
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ILKKA HOLOPAINEN AND PEKKA KOSKELA It has been an extensively studied problem to find conditions on M in order to characterize p-parabolicity of M in terms of the growth of V (t). To be brief, we just refer to [LT] and [S] for the case p = 2, and to [H3] for all 1 < p < ∞. The recent articles by Grigor'yan [G] and Li [Li] contain thorough surveys on these and related topics. An interesting open question is whether (1.1) and p-parabolicity are equivalent for noncompact complete Riemannian manifolds with nonnegative Ricci curvature outside a compact set. Theorem 1.7 below settles the problem in the case of maximal volume growth.
Let γ be a geodesic segment in M between points o and x, that is, a minimizing geodesic parametrized by arclength. We say that a volume doubling condition and a weak (1, p)-Poincaré inequality hold along γ| [a, b] , where [a, b] 
whenever 0 < s ≤ t/4, and
there exists a geodesic segment γ from o to x such that the doubling condition (1.2) and Poincaré's inequality (1.3) hold along γ| [1, |x|] and that
where the constant c is independent of x. It is natural to ask whether the existence of a single geodesic ray γ emanating from o with
and satisfying the properties (1.2) and (1.3) along γ would imply the non-p-parabolicity of M . The following theorem answers this question in the affirmative. 
where the constant c is independent of R. 
where the constant c is independent of R.
A straightforward modification of the proof of the Bishop volume comparison theorem [BC, We obtain our results by combining volume comparison techniques with a lower bound for a certain variational capacity. The proof of the crucial capacity estimate is based on a chaining argument, where a certain doubling condition and Poincaré's inequality play a dominant role. In fact, we can carry over the argument for the capacity estimate not only in a Riemannian setting but also on metric spaces (see Theorem 2.10).
Throughout the paper c will be a generic positive constant whose actual value may vary, even within a line.
Main estimates
Let (X, d) be a metric space and let µ be a Borel regular measure on X such that each open ball of X, denoted by B(x, r), has a positive and finite measure. We write |A| = µ(A) if A is a measurable set in X. Recall from [HK1] and [HK2] 
for each rectifiable curve γ in X with end points a and b. Note that ρ = |∇u| is an upper gradient of a smooth function u on a Riemannian manifold. As in [HK2] , we let S be any of the following three classes of real-valued functions defined on measurable subsets of X: Lipschitz, continuous, or measurable.
where the infimum is taken over all upper gradients ρ of all functions u in U that belong to S and satisfy u|E ≥ 1 and u|F ≤ 0. Such a function u is called admissible
where the infimum is taken over all upper gradients ρ of all compactly supported functions u in U that belong to S and satisfy u|C ≥ 1. Also here u is called admissible for (U, C). If cap S p (X, C) = 0 for all compact sets C in X, we say that X is (p, S)-parabolic. The following lemma is well known for the usual p-capacity in R n . 
Lemma. Let
We may choose the upper gradients ρ i so that the sets where ρ i = 0 are pairwise disjoint. Let a i be a sequence of nonnegative numbers with
Then v is admissible for (Ω, C 1 ) and ρ is an upper gradient of v. Since the sets spt ρ i are mutually disjoint, we have
The claim now follows by choosing
and letting j → ∞.
Recall that a metric space X is called proper if its closed balls are compact.
Proposition. Let X be a proper metric space with
Proof. Let C be an arbitrary compact set in X. Choose r > 0 such that C ⊂B(o, r) and write r i = 2 i r for i = 0, 1, . . . . By Lemma 2.1,
Then the function ρ i ,
is an upper gradient of u i . Since u i is admissible for B(o, r i+1 ),B(o, r i ) , we get by letting ε → 0 that
Substituting this into (2.5) and using (2.4) yields cap
2.6. Definition. Let (E, F ; U ) be a condenser and let λ ≥ 1. We say that a sequence of balls
. . , k; and (4) there exists a constant C ol such that no point of X belongs to more than C ol balls λB i .
We use the notion of a chain connecting E and F in U to estimate cap
Furthermore, suppose that c p,i is a constant such that the (1, p)-Poincaré inequality
holds for each S function u in λB i and for each upper gradient ρ of u in λB i . Finally, we set
(2.9) 2.10. Theorem. Let (E, F ; U ) be a condenser, and
where the constants c i are given by (2.9). Furthermore,
Proof. Let u be an arbitrary S function in U with u|E ≥ 1 and u|F ≤ 0. By the triangle inequality,
. If ρ is an arbitrary upper gradient of u in U , we have by (2.7) and (2.8) that
and, similarly,
Suppose first that 1 < p < ∞. By combining the estimates (2.11)-(2.13) and using Hölder's inequality and the overlapping condition (4), we obtain that
The case p = 1 follows similarly but without appealing to Hölder's inequality.
To obtain a lower bound for cap S p (X, C), we define a notion of a chain to infinity as follows.
2.14. Definition. Let X be a proper metric space with diam X = ∞. We say that a sequence of balls
= ∅ for every i; and (iii) there exists a constant C ol such that no point of X belongs to more than C ol balls λB i .
Above B i → ∞ means that, for any compact set K ⊂ X, B i ⊂ X \ K as soon as i is sufficiently large.
We define the constants c d,i and c p,i as in (2.7) and (2.8), respectively, and then we set
Now the counterpart for Theorem 2.10 reads as follows.
Theorem.
Suppose that X is proper with diam X = ∞. Let {B i } be a chain to infinity with λ ≥ 1, and let c i be given by (2.15). If 1 < p < ∞ and
Applications to the Riemannian setting
In this section we give some examples in order to apply Theorem 2.10 and eventually prove the results mentioned in the introduction. Theorem 1.4 is an immediate consequence of the following. (B(o, R) , B(o, r) 
In particular, if
Proof. In order to apply Theorem 2.10 we first construct a chain connectingB(o, r) and M \ B(o, R) in M with parameter λ = 2. For each integer i ≥ 0, we write
. Also the conditions (2)-(4) in Definition 2.6 hold with λ = 2. Thus the sequence of balls B i = B γ(t i ), t i /8 , with i = 0, . . . , k, is a desired chain. Furthermore,
and c p,i , and c i be given by (2.7), (2.8), and (2.9), respectively. Then
by the doubling condition (1.2). Since c p,i ≤ c by (1.3), we have c i ≤ c. Theorem 2.10 then implies that
On the other hand,
, and so cap p (B(o, R) , B(o, r) 
which implies (3.2). The estimate (3.3) follows immediately from (3.2) if V (t) ≤ c|B γ(t), t/4 | for every t ∈ [r/2, 2R].
Example.
Suppose that the Ricci curvature of M n satisfies the estimate
for some constant K ≥ 0. Let γ be a segment from o to some point x. It follows from the well-known Bishop-Gromov comparison theorem (see [BC] and [CGT] ) and, respectively, from Buser's isoperimetric inequality [B] that the volume doubling condition (1.2) and, respectively, the Poincaré inequality (1.3) hold along γ; see [H3, Example 2.20] for details. In fact, the Poincaré inequality holds with the same balls on both sides of the inequality.
Thus we obtain the following consequence of Theorem 3.1.
Corollary. Suppose that the Ricci curvature of M n satisfies (3.5). Let R > r > 0 and let γ be any segment from o to a point
3.9. Example. Suppose that the Ricci curvature of M n is nonnegative outside a compact set. In particular, the curvature estimate (3.5) holds with some K. By scaling the metric we may assume that M n has nonnegative Ricci curvature outside a ball B(o, 1) . Observe that the scaling of the metric has no effect on the p-parabolicity of M n . As in [LT] (and [Liu] ), we cover ∂B(o, 2) by closed B(o, 2) for which there exists a geodesic segment from o to x intersecting U i . If x, y ∈ K i , then no geodesic segment from x to y intersects B(o, 1) by the triangle inequality. Since
Here the fact |M n | = ∞ from [CGT, Theorem 4.9] was also used. Suppose that
for some k ∈ {1, . . . , m}. Then there exist c > 0 and R 0 > 2 such that
for every t ≥ R 0 . Let y be any point of K k , with |y| = t ≥ R 0 . Since no geodesic segment from y to any other point in K k ∩ B(o, t) intersects B(o, 1) and M n has nonnegative Ricci curvature outside B(o, 1) , the Bishop-Gromov comparison theorem (see [CGT] ) and (3.11) imply that
|B(y, t/4)| ≥ c(n)|K k ∩ B(o, t)| ≥ cV (t),
where c depends only on n and m. In particular, (3.7) holds for all s > R 0 and all geodesic segments from o to any point x ∈ K k \ B (o, s exists for all i. Since M n has maximal volume growth, at least one of these limits has to be positive.
We close this paper by observing that Theorem 1.7 now follows from Lemmata 3.12 and 3.13 since dt < ∞ if and only if 1 < p < n by the volume growth assumption V (t) ≈ t n .
